
IMC2014, Blagoevgrad, Bulgaria

Day 2, August 1, 2014

Problem 1. For a positive integer x, denote its nth

de
imal digit by dn(x), i.e. dn(x) ∈

{0, 1, . . . , 9} and x =
∞
∑

n=1

dn(x)10
n−1

. Suppose that for some sequen
e

(

an
)∞

n=1
, there are

only �nitely many zeros in the sequen
e

(

dn(an)
)∞

n=1
. Prove that there are in�nitely many

positive integers that do not o

ur in the sequen
e (an)
∞
n=1.

(10 points)

Problem 2. Let A = (aij)
n
i,j=1 be a symmetri
 n × n matrix with real entries, and let

λ1, λ2, . . . , λn denote its eigenvalues. Show that

∑

1≤i<j≤n

aiiajj ≥
∑

1≤i<j≤n

λiλj,

and determine all matri
es for whi
h equality holds.

(10 points)

Problem 3. Let f(x) =
sin x

x
, for x > 0, and let n be a positive integer. Prove that

∣

∣f (n)(x)
∣

∣ <
1

n+ 1
, where f (n)

denotes the nth

derivative of f .

(10 points)

Problem 4. We say that a subset of R
n
is k-almost 
ontained by a hyperplane if there

are less than k points in that set whi
h do not belong to the hyperplane. We 
all a �nite

set of points k-generi
 if there is no hyperplane that k-almost 
ontains the set. For ea
h

pair of positive integers k and n, �nd the minimal number d(k, n) su
h that every �nite

k-generi
 set in R
n

ontains a k-generi
 subset with at most d(k, n) elements.

(10 points)

Problem 5. For every positive integer n, denote by Dn the number of permutations

(x1, . . . , xn) of (1, 2, . . . , n) su
h that xj 6= j for every 1 ≤ j ≤ n. For 1 ≤ k ≤ n
2
, denote

by ∆(n, k) the number of permutations (x1, . . . , xn) of (1, 2, . . . , n) su
h that xi = k + i

for every 1 ≤ i ≤ k and xj 6= j for every 1 ≤ j ≤ n. Prove that

∆(n, k) =

k−1
∑

i=0

(

k − 1

i

)

D(n+1)−(k+i)

n− (k + i)
.

(10 points)


