
IMC2014, Blagoevgrad, Bulgaria

Day 1, July 31, 2014

Problem 1. Determine all pairs (a, b) of real numbers for whi
h there exists a unique sym-

metri
 2× 2 matrix M with real entries satisfying trace(M) = a and det(M) = b.

(10 points)

Problem 2. Consider the following sequen
e

(an)
∞

n=1 = (1, 1, 2, 1, 2, 3, 1, 2, 3, 4, 1, 2, 3, 4, 5, 1, . . . ).

Find all pairs (α, β) of positive real numbers su
h that lim
n→∞

n∑

k=1

ak

nα
= β.

(10 points)

Problem 3. Let n be a positive integer. Show that there are positive real numbers a0, a1, . . . , an
su
h that for ea
h 
hoi
e of signs the polynomial

±anx
n
± an−1x

n−1
± · · · ± a1x± a0

has n distin
t real roots.

(10 points)

Problem 4. Let n > 6 be a perfe
t number, and let n = pe11 · · · p
ek

k
be its prime fa
torization

with 1 < p1 < . . . < pk. Prove that e1 is an even number.

A number n is perfe
t if s(n) = 2n, where s(n) is the sum of the divisors of n.

(10 points)
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Problem 5. Let A1A2 . . . A3n be a 
losed broken line 
onsisting of

3n line segments in the Eu
lidean plane. Suppose that no three of its

verti
es are 
ollinear, and for ea
h index i = 1, 2, . . . , 3n, the triangle

AiAi+1Ai+2 has 
ounter
lo
kwise orientation and ∠AiAi+1Ai+2 = 60◦,
using the notation A3n+1 = A1 and A3n+2 = A2. Prove that the

number of self-interse
tions of the broken line is at most

3

2
n2

−2n+1.

(10 points)


