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First day

PROBLEMS AND SOLUTIONS

Problem 1. (20 points) Let V be a 10-dimensional real vector space and Uy and Us two linear subspaces
such that U; C Us, dimgU; = 3 and dimgUs = 6. Let & be the set of all linear maps T : V — V which
have U; and Us as invariant subspaces (i.e., T(Uy) C Uy and T'(Us) C Us). Calculate the dimension of £
as a real vector space.

Solution First choose a basis {v1,v2,v3} of Uy. It is possible to extend this basis with vectors vy,v5 and
vg to get a basis of Us. In the same way we can extend a basis of Uy with vectors vy, ..., v1g to get as
basis of V.

Let T € £ be an endomorphism which has U; and U, as invariant subspaces. Then its matrix, relative
to the basis {v1,...,v10} is of the form

*

SO O OO OO

S OO OO OO ¥ ¥k ¥
SO O OO OO ¥ ¥ ¥
OO OO ¥ ¥ ¥ ¥ ¥ ¥
OO O O % % % ¥ ¥ ¥
O OO D ¥ ¥ X X K ¥
* X XK X X X X X X ¥
S G S T S SR SRR SR
I T R CHEEE SR SR SR
S S S R S SR SRR SR

So dimg€ =9 + 18 4+ 40 = 67.

Problem 2. Prove that the following proposition holds for n = 3 (5 points) and n = 5 (7 points), and
does not hold for n = 4 (8 points).

“For any permutation 71 of {1,2,...,n} different from the identity there is a permutation 72 such
that any permutation 7 can be obtained from 7 and 72 using only compositions (for example, 7 =
m 0w omgomy).”

Solution

Let S, be the group of permutations of {1,2,...,n}.

1) When n = 3 the proposition is obvious: if = (12) we choose y = (123); if = (123) we choose
y = (12).

2) n = 4. Let x = (12)(34). Assume that there exists y € S, such that Sy = (z,y). Denote by K
the invariant subgroup

K = {id, (12)(34), (13)(24), (14)(23)}.

By the fact that = and y generate the whole group Sy, it follows that the factor group S4/K contains
only powers of § = yK, i.e., S4/K is cyclic. It is easy to see that this factor-group is not comutative
(something more this group is not isomorphic to Ss).

3)n=5

a) If z = (12), then for y we can take y = (12345).

b) If z = (123), we set y = (124)(35). Then y3zy> = (125) and y* = (124). Therefore (123), (124), (125) €
(x,y)- the subgroup generated by = and y. From the fact that (123), (124), (125) generate the alternating
subgroup As, it follows that As C (z,y). Moreover y is an odd permutation, hence (z,y) = Ss.

c) If © = (123)(45), then as in b) we see that for y we can take the element (124).

d) If z = (1234), we set y = (12345). Then (yz)® = (24) € (x,y), 2%(24) = (13) € (,y) and
y? = (13524) € (z,y). By the fact (13) € (z,y) and (13524) € (x,y), it follows that (x,y) = Ss.



e) If z = (12)(34), then for y we can take y = (1354). Then y?z = (125), y3z = (124)(53) and by c)

S5 = <$a y>
f) If © = (12345), then it is clear that for y we can take the element y = (12).

Problem 3. Let f(x) = 22(1 — ), © € R. Define

n

—_—~—
fo="TFo...of.

a) (10 points) Find lim,_, fol fn(z)da.

b) (10 points) Compute fol fn(z)dzx forn =1,2,....

Solution. a) Fix ¢ = zy € (0,1). If we denote z,, = fn(xp), n = 1,2,... it is easy to see that
x1 € (0,1/2], 21 < f(x1) < 1/2 and =z, < f(z,) < 1/2 (by induction). Then (), is a bounded non-
decreasing sequence and, since 2,11 = 2z, (1 — ), the limit [ = lim,,_, o 2, satisfies [ = 2{(1 —1), which
implies [ = 1/2. Now the monotone convergence theorem implies that

1
lim [ fu(z)de =1/2.
0

n—oo

b) We prove by induction that

1) ) = 5 =2 (- %)

holds for n = 1,2,.... For n = 1 this is true, since f(z) = 2z(1 —z) =
some n = k, then we have

—2(z — 3)2. If (1) holds for

(SIS

fon@ = fe(f@) == (32— 52) - 5"
=4 -2t (o )

k+1_ T+1
_ % _92 1(z . %)2

which is (2) for n =k + 1.
Using (1) we can compute the integral,

1 21 2" 4171
1 2 1 1 1
/Of"(x)dx_[ix_2n+1<x_§> ] PRSIk

=0

Problem 4. (20 points) The function f : R — R is twice differentiable and satisfies f(0) = 2, f/(0) = —2
and f(1) = 1. Prove that there exists a real number ¢ € (0,1) for which

FE -1+ f7(§) =0.

Solution. Define the function )
g(a) = 572() + ' (2).

Because ¢g(0) = 0 and
f@@)- (@) + f'(x) = ¢'(2),

it is enough to prove that there exists a real number 0 < 1 < 1 for which g(n) = 0.

a) If f is never zero, let
1

"= Ty

|8



Because h(0) = h(1) = —3, there exists a real number 0 < n < 1 for which h/(n) = 0. But g = f%- I/,
and we are done.

b) If f has at least one zero, let z; be the first one and 2o be the last one. (The set of the zeros is
closed.) By the conditions, 0 < z1 < z9 < 1.

The function f is positive on the intervals [0, z1) and (22, 1]; this implies that f'(z1) < 0 and f/(22) > 0.

Then g(z1) = f'(z1) <0 and g(22) = f/(22) > 0, and there exists a real number 7 € [z, 22] for which

g(n) =0.

Remark. For the function f(z) = ZL_H the conditions hold and f - f' + f” is constantly 0.

Problem 5. Let P be an algebraic polynomial of degree n having only real zeros and real coefficients.
a) (15 points) Prove that for every real x the following inequality holds:

(2) (n = D)(P'(2))* = nP(x)P"(x).

b) (5 points) Examine the cases of equality.

Solution. Observe that both sides of (2) are identically equal to zero if n = 1. Suppose that n > 1. Let
Z1,...,2Tn be the zeros of P. Clearly (2) is true when = = x;, i € {1,...,n}, and equality is possible
only if P'(x;) = 0, i.e., if 2; is a multiple zero of P. Now suppose that x is not a zero of P. Using the

identities
Pllz) 1 P'(z) 2
P(z) 72130—151-’ P(z) Z ’

<, @) (@ = 1)

we find

NG ) 27nP”(x): o1 2
w0 (50) e e X ey
But this last expression is simply
1 1\’
Z (ZL' — Ty B xr — l‘j) ’

1<i<j<n

and therefore is positive. The inequality is proved. In order that (2) holds with equality sign for every real
x it is necessary that 1 = xo = ... = z,,. A direct verification shows that indeed, if P(x) = ¢(z — 21)",
then (2) becomes an identity.

Problem 6. Let f : [0,1] — IR be a continuous function with the property that for any  and y in the
interval,

zf(y) +yf(z) <1

/Olf(w)dr <z

b) (5 points) Find a function, satisfying the condition, for which there is equality.

a) (15 points) Show that

Solution Observe that the integral is equal to

/ " F(sin0) cos 0d0
0
and to .
/ ’ f(cos ) sin do
0

So, twice the integral is at most

s

2 ™
1d6 = —.
J =3

Now let f(x) =+1—22. If z =sinf and y = sin ¢ then
xf(y) +yf(x) =sinfcos d + sinpcos = sin(f + ¢) < 1.



